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INTRODUCTION 
Our literature search revealed only a modest amount of research has been devoted 
to the specific problem of quantifying micromechanical stress distributions in fibrous 
composites. Most of what is available deal with the simple situation ofunidirectionally 
reinforced composites with straight fibers and subjected to static axial loads; see for 
example [1-7]. For further references we refer the reader to McCartney's paper [6] for 
more recent works and to Nayfeh's paper [7] for previous literature. Comparatively 
speaking, less work has been carried out on similar problems involving dynamic loading. 
Here, however, there exists a reasonable body of research on wave propagation interaction 
with fibrous composites, the interest of which is mainly concerned with the dispersive 
characteristics of such classes of materials (see, for example, [8]). 
In a recent paper, [9], we extended the analytical approach presented in [1] for the 
situation of straight fiber reinforcement to the case involving undulated fibers. The 
procedure adopted can be summarized as follows: First, local directions defined by the 
slopes of the undulated fiber are geometrically determined. Next, the applied loads are 
transformed to a local coordinate system consisting of the local slope and its normal in the 
plane of undulation. Solutions of the straight fiber case are specialized using the 
transformed load. This constitutes a part of the solution along the slope direction. This is 
then supplemented with inherent stress components resulting at off-axis of the axially 
loaded system in the absence of reinforcement. In attempting to extend the results of [9], to 
the dynamic loading situation, we encountered difficulties. However, by neglecting the 
term in the shear constitutive relations, we are able to analyze the system in a simple and 
direct manner. This situation constitutes model one. Furthermore, we note that if we 
include this term but relax the strict condition of continuity of interfacial radial stress and 
require instead continuity of its cross-sectional average, we can also obtain simple results. 
For this reason we designate this situation as model two. Both models lead to second order 
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differential equations systems for the composite with different coefficients and also with 
different expressions of the stresses in the composite. We intend to compare results 
obtained using these two models. 
GEOMETRIC MODEL 
The periodicity of the undulated fibrous reinforced composite panel allows us to 
model it as a concentric cylindrical system subjected at its outer boundary to vanishing 
shear stress and radial displacement as illustrated in figure I. The fiber centerline is 
assumed to follow a periodic function I(x). At any global location x, and along the local 
inclination angle O(x) , a "local" coordinate z is chosen which relates geometrically to the 
global coordinate x as 
z = x / cosO(x) (1) 
ANAL YTIC MODEL 
The representative unit cell is assumed to be loaded symmetrically as shown in 
figure 2. The axisymmetric dynamic mechanical loads consist of axial as well as 
transverse stress components. The axial boundary stresses are arbitrarily assigned the 
values Px1 and Pxb for the fiber and matrix, respectively. The transverse stress Py is still an 
unknown and rises as a consequence of the axially loaded, but laterally constrained, 
systems. Its value can be approximated and calculated based upon the Lame' type solutions 
of the system. Along the inclination angle Bofthe tangent direction, the fiber and matrix 
boundary stresses transform to 
- 2 • 2 P1,2 = Px 1,2 cos 0 + Py sm B. (2) 
The fundamental assumption is that the local stresses, at any location x, constitute a 
superposition of two components. With reference to figure 2, the first is obtained from 
adapting the solutions of the straight fiber to directions along the tangents and the second is 
the inherent stresses that rise in the matrix in directions that are inclined to the loading 
directions. The first component is more difficult to obtain and requires the solution of the 
field equations for the straight fiber case in cylindrical coordinate system. This, however, 
was treated by Nayfeh and Abdelrahman [9]. In the following section we summarize the 
procedure and final results. 
Figure 1. 
1628 
D ItDt 
Y rye 
11111111 
------------i--------------
T--r--f---r--f---r--r--T 
P.. ltD ye 
Representative unit cell geometry and boundary conditions. 
- IlDt ~~ep_ IlDl ". ". J e ". ". ". 
". 
Y .',," , 
, ., "., Ii 
., ., , ., 
, ., , , 
-------7-------J--~--------Z , 
Figure 2. Solution strategy for an undulated segment. 
Straight Fiber System 
Formulation of the Problem 
For the present modeling, the behavior of the composite is described by the 
following two-dimensional field equations: 
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which hold for both the fiber and the matrix materials. Here 2 and J1 are the elastic 
constants; p is the mass density; ar , a=, a e and a fZ are the components of the stress 
tensor; U and v are the displacement components in the longitudinal and radial directions, 
respectively. Identifying the fiber and matrix materials with the subscripts 1 and 2, 
respectively, the above field equations are supplemented with the following symmetry, 
continuity and boundary conditions: 
V1(z,O,t)=O , 
v 2(z,r2 ,t) = 0 
a r.:l (z,O,t) = 0, 
a r.:l (z,r1 ,t) = a r.:2 (z,rl,t) 
(9a) 
(9b) 
(9c) 
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O"rl(z,rpt) = O"r2(z,rpf) ul(Z,rpf) = u2(z,rpf) 
O"zl = Pcn (t) O"z2 = Pc12 (t) on z = 0 
O"zl = PLI (t) O"z2 = PL2 (t) on z = L 
(9d) 
(lOa) 
(lOb) 
Following the procedure outlined in [7], if equations (3) and (5) are integrated 
according to 
) r dr 
2 
(lla) 
(lIb) 
and if the symmetry and continuity conditions (9a) and (9c) are used, one obtains the 
quasi-one-dimensional field equations 
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Here no i = 1,2 denotes the volume fraction of material i and 1: and S denote the 
equilibrium and the constitutive relations interaction terms, respectively; these quantities 
are defined as: 
nl = r/ I r/, n2 = (r/ - r/ ) I r22 
1: = 2nIO"rzl(z,lj,t)lrl , S = 2nlvl(z,lj,t)lrl . 
(16a, b) 
(17a,b) 
The remaining constitutive relations (Eqs. 6-8) will now be utilized to determine T 
and S as functions of UI , U2 , azl and az2 ' This cannot, however, be done without adopting 
appropriate approximate expressions for the radial displacement and the shear stress 
distributions. These are: 
[Vp 0" rzl] = [B(z, f), A(z,t)] r (18a, b) 
[V2,O"rz2] = [B(Z,t)'A(Z,t)]~[r2: -1)r. 
n2 r 
(19a, b) 
Introducing these approximations into the functions defined in Eq. (17) and substituting the 
resulting expressions in equations (12-15) leads to 
(20) 
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oaz2 02 U2 
n2 -- = 2nl A + n2P2 -2-OZ ot (21 ) 
azl =2,1,1 B+(Aj +2,lij)~; (22) 
az2 = -2A2nl / n2 B + (,1,2 + 2,li2) ~ • (23) 
We start with satisfying the shear constitutive relation (8). For material 1 we 
substitute from Eqs. (I8a,b), multiply the resulting equation with / and integrate by parts. 
For material 2, however, we multiply Eq. (II) by (r2 - r/ ), substitute from Eq. (I9b) and 
integrate by parts. After some algebraic manipulations we get the important relation 
U2 -ul =£[(~+JL)A-(Q+1)OBl 
4 ,lil ,li2 OZ 
where Q=_~(nI2 -4nl +3+2Innl). 
n2 
(24) 
Specifying the constitutive relation (6) for the fiber and matrix materials and using the 
approximate distributions (18a) and (19a), we get 
(2Sa) 
(2Sb) 
Averaging Eqs. (25) according to Eq. (11), and equating the resulting two equations, we 
. OU OU 
can solve for B III terms of _I and _2 as 
OZ OZ 
B = ~(A2 oU2 _ A) OUI) 
DI OZ OZ 
where DI = --;.[ n/ (AI + ,lil) + nln2 (,1,2 + ,li2) - nl,li2 In nl]· 
n2 
(26) 
Substituting from this equation back into the averaged constitutive relations (22) and (23), 
and combining the resulting equations with Eq. (20) and (21) and using Eq. (24) to 
eliminate A(z) leads to the two coupled partial differential equations 
(27a) 
(27b) 
Here the coefficients Gil' e12, e21 , G22 and G are given as combinations of the fiber and 
matrix properties and volume fractions as 
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Model 2 
For this situation, we neglect the second term in the shear constitutive equation (8). This 
reduces the equations used to derive Eq. (24). These equations can then be manipulated to 
sol~e for A and u· as 
(28) 
(29) 
Next, specializing equations (2Sa) and (2Sb) for, == 'I , invoking the interface continuity 
equation (9d) and after some manipulation we solve for B as 
(30) 
Substituting from this expression directly into the constitutive relations (22) and (23), we 
recover the system of equations (27), where now, the coefficients CII' C12, C21 ' C22 take the 
alternative definitions 
CII ==nl(A I +2,u1)+AIIIIF;Q, c12 ==AI,u2F;, 
C21 == A2,uIF;Q, C22 == n2 (A,2 + 2,u2) - A,2,u2F;· 
Solution of the Coupled Equations 
The coupled system of equations (27a, b) can be solved for harmonic type of 
loading. The resulting characteristic equation is 
(CIIC22 + C12c21)a4 + [w2(nIPlc22 + ~P2CI1)+ 
G(C21 - c12 )]a2 + m4n1n2PIP2 - m2G(~Pl + ~P2) == 0 
(31) 
where m is the angular frequency and the exponent a is a characteristic of the system and 
need to be determined. Using the principle of superposition, the displacement distribution 
takes the form 
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4 
(Up U2 ) = l:(l,OK;ea,Ze;'" (32) 
i=l 
and K;, i = 1, .. ,4 are obtained from the boundary conditions. 
This solution can be updated and used for all segments along the undulated fiber by 
choosing, for a given B(x), the system length of L = Lx / cos()(x) . By solving for the 
displacements, the above-derived relations can then be used to obtain appropriate values 
for the normal and shear stress components. This constitutes the first part of the stress 
distribution. The second part is the inherent stress distribution that rises on planes that are 
inclined at the B-direction from the loading direction. Thus the final interfacial shear stress 
distribution takes the form 
(y' UII = (J' - (p,. - Py )sin Bcos Bsin cp (33) 
where if is the azimuthal angle that runs counter-clock wise along the circumference of the 
fiber. 
NUMERICAL RESULTS 
The aforementioned two modeling procedures are demonstrated below for a 4-wave 
length fiber. For our illustration, we chose a fiber that has a length to amplitude ratio 
Lx / a = 16 and a fiber volume fraction of 0.321. The fiber and matrix properties used in 
our calculations are chosen to be EI = 113.0 GPa, VI = 0.3, PI = 5000 kg / m3 , 
E2 = 4.0 GPa, V2 = 0.35 and P2 = 2500 kg / m3 . The dynamic mechanical loading is a 
harmonic axial tensile stress such that the amplitude ratio Px l / Px2 = 1 is applied to both 
system ends. 
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Figure 3. The normalized average normal fiber stress distribution for the two models 
in a four-wave fiber-matrix segment subject to axial loading. 
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Figure 4. The normalized average interfacial shear stress distribution for the two 
models in a four-wave fiber-matrix segment subject to axial loading. 
The normalized fiber normal stresses as calculated using both models are plotted and 
compared in Fig. 3 and 4 for three frequency values: (()= 0, 5 and 6 MHz. It is clear from 
these figures that for the used range of frequencies, the two models yield very close 
solutions. In the same two figures, we plotted the results of the straight fibrous case. 
Evidently, as (()increases, the stress distribution in the undulated fiber approaches that of 
the straight fiber case. 
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